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Abstract:

Dynamic time warping (DTW) measures similarity between two data sequences by minimizing an accumulated distance between two sequence samples at each iteration and a cost is computed to assess the level of
the similarity. The DTW cost may then be used to assign a sequence to a class if the problem is a classification problem. In machine learning, classification problems are solved using features with good discrimination
power, which are generated by exploiting the distribution of data vectors. Linear Discriminant Analysis (LDA)
is such a technique and finds discriminative projection directions which are used to generate features as projections of sequence vectors on to these directions. Unfortunately, these techniques are not applicable to warped
sequences because the mapping between the test sequences and the training sequences is not known. To solve
this problem, we propose a constrained LDA framework that produces direction vectors that repeat unit vectors that have dimensions equal to the dimensions of a single sequence sample. Such projection vectors can be
used without knowing the mapping of test sequence vectors to training sequence vectors. Experiment results
show that generating features by discriminant analysis improves the performance significantly.

1

INTRODUCTION

Dynamic time warping (DTW) measures similarity
between two data sequences which might be obtained
by sampling a source with varying sampling rates or
by recording the same phenomenon occurring with
varying speeds (Wikipedia, 2012). For example,
DTW is used in speech recognition to warp speech
in time to be able to cope with different speaking
speeds (Amin and Mahmood, 2008; Myers and Rabiner, 1981; Sakoe and Chiba, 1978). DTW is also
used in data mining and information retrieval to deal
with time-dependent data (Rath and Manmatha, 2003;
Adams et al., 2004). Another application of DTW
is in gesture recognition to time-warp an observed
motion sequence of human body joints to pre-stored
gesture sequences (Rekha et al., 2011; Wenjun et al.,
2010; Kuzmanic and Zanchi, 2007; Corradini, 2001).
A classifier based on dynamic time warping reduces to a nearest-neighbor (NN) classifier based on
a (Euclidean) distance performed directly on the sequence samples if the two sequences were aligned
in time. However, sequences are not always timealigned and DTW time-warps sequences to achieve a
satisfactory alignment and paves the way for a simple

NN classifier. NN classifier is probably the simplest
classifier in machine learning. It is a type of instancebased classification which only uses local information and classifies based on closest training examples.
One way to improve the classification performance is
to generate good features, which are learnt from the
training set. Good features can be generated by first
finding directions along which the classes are best
separated in some way and then projecting data points
to these directions. For example, linear discrimination or linear discriminant analysis (LDA) seeks directions in which the classes are separated in a way
that maximizes the class separation while minimizing
the in-class variation using training data set. Such directions are vectors that have the same dimensionality
as the data point vectors obtained by vectorizing the
data sequences. The features are projections of data
points on to these vectors. Hence, all the sequence
samples each of which constitute a dimension or a
block of dimensions of a data point vector is used to
compute the projection. However, feature generation
based on these projections will not work in the case
of misaligned sequences since the index will likely be
different than the corresponding index of a specific
dimension in the training phase. In other words, the

mapping of the indices of training sequences to test
sequences is not known, and paradoxically this was
the reason while DTW is needed at the beginning. If it
were known, feature generation and/or dimensionality reduction techniques from machine learning could
have been applied directly. DTW aims to find this
mapping but can not use machine learning tools because of the aforementioned reason and hence boils
down to a per time-sample based similarity between
two time sequences. In other words, it does not utilize the distribution of data in the feasible space and
therefore the DTW cost is not as discriminative as it
would have been.
We propose a method to utilize tools from machine learning such as feature generation (dimensionality reduction) in dynamic time warping. Specifically, we constrain LDA to generate discriminative
features learnt from a training set, which can still be
applied to sequences warped in time. Solving a constrained LDA problem on a training set with timealigned sequences, we obtain discriminative vectors
to be projected on to. The constraint on these vectors
enforce them to be independent of the unknown timewarping by making such vectors to be repetitions of a
smaller unit vector with dimensionality required by a
single sample of the time sequence. Since a discriminative vector constitutes repetitions of this unit vector corresponding to a single sample, DTW can perform its recursive cost-computation without requiring
to know which time sample it is operating on. Although the unconstrained (conventional) LDA would
have led to more discriminative projection directions,
which fully take advantage of the data distribution,
our constrained LDA will still lead to projection directions with discriminative power better than an NN
classifier using DTW directly on sequence samples.
Moreover, constrained LDA features can also be used
on time-warped sequences.
Gesture recognition is an example application
that can utilize DTW. Gesture recognition has wideranging applications such as navigating in virtual environments, controlling devices in a smart environment, interacting with computer games via player’s
gestures, recognizing sign language, etc (Bleiweiss
et al., 2010; Raptis et al., 2011; Mitra and Acharya,
2007; Keskin et al., 2011).
Microsoft launched Kinect in 2010, which is a
depth sensor and subsequently released Kinect Software Development Kit (SDK) in 2011, which includes machine learning algorithms such as random
forests to accurately predict 3D positions of body
joints from a single depth image (Shotton et al.,
2011). Although Kinect is developed for Xbox 360
video game console to enable natural interaction be-

tween users and video games, Kinect’s robustness in
3D human joint position prediction and its affordability for consumers have generated numerous research
projects and applications in human-computer interfaces (Bleiweiss et al., 2010; Raptis et al., 2011).
Kinect enables gesture recognition applications such
as interactive gaming, which performs gesture recognition followed by gesture animation (Reyes et al.,
2011), touch detection using depth data (Wilson,
2010), human pose estimation (Jain et al., 2011),
implementation of real-time virtual fixtures (Ryden
et al., 2011), real-time robotics control applications
(Stowers et al., 2011) and the physical rehabilitation
of young adults with motor disabilities (Chang et al.,
2011). We apply our proposed method to recognize
gestures.

2
2.1

BACKGROUND
Related Work

One commonly used technique for gesture recognition is using HMMs for modeling gesture sequences.
HMMs are especially known for their application to
speech recognition, gesture recognition, bioinformatics, etc. HMMs are statistical models for sequential
data (Baum et al., 1970; Baum, 1972), and therefore can be used in gesture recognition (Gehrig et al.,
2009; Starner and Pentland, 1996; Lee and Kim,
1999). The states of an HMM are hidden and state
transition probabilities are to be learned from the
training data. However, defining states for gestures
is not an easy task since gestures can be formed by
a complex interaction of different joints. Also, learning the model parameters i.e., transition probabilities,
requires large training sets, which may not always be
available. On the other hand, DTW does not require
training but needs good reference sequences to align
with.
Using a weighting scheme in DTW cost computation has been proposed for gesture recognition (Reyes
et al., 2011) (Celebi et al., 2013), which does not
generate features as proposed in this paper but finds
weights for the Euclidean distance computation. The
method proposed in (Reyes et al., 2011) uses DTW
costs to compute between and within class variations
to find a weight for each body joint to be used in distance calculation. The distances between joint positions in different time instances are weighted according to these weights. However, our proposed
method iteratively computes the overall distance between two sequences and finds a constrained projection direction. In our method, a projection operation

is made on to pre-computed discriminative directions
for each sequence sample. Hence, we compute a linear combination of joint positions, which creates features that are spatial distances between x and y positions of the joints at the same time instant. The proposed method creates stronger features because features that are spatial distances between joint positions
have potentially stronger discriminative power while
describing a gesture with respect to another gestures.
For example, a zoom-out gesture may be better described using the distance between the x positions of
hand positions compared to a swipe-left gesture. To
our knowledge, there is no prior work in the literature that proposes using feature generation techniques
from machine learning for dynamic time warping.

2.2

DYNAMIC TIME WARPING

DTW is a template matching algorithm to find the best
match for a test pattern out of the reference patterns,
where the patterns are represented as a time sequence
of measurements or features obtained from measurements.
Let r(i), i = 1, 2, . . . , I, and t( j), j = 1, 2, . . . , J be
reference and test vector sequences, respectively. The
objective is to align the two sequences in time via a
nonlinear mapping (warping). Such a warping is an
ordered set of tuples as given below
(i0 , j0 ), (i1 , j1 ), . . . , (i f , j f ),
where tuple (i, j) denotes mapping of r(i) to t( j), and
f + 1 is the number of mappings. The total cost D of
a mapping between r and t with respect to a distance
function d(i, j), is defined as the sum of all distances
between the mapped sequence elements
f

D(r, t) =

∑ d(ik , jk ),

(1)

k=0

where d(i, j) measures the distance between elements
r(i) and t( j).
A mapping can also be viewed as a path on a twodimensional (2D) grid of size I × J, where grid node
(i, j) denotes a correspondence between r(i) and t( j).
Each path on the 2D grid is associated with a total cost
D given in (1). If the path is a complete path defined
by
(i0 , j0 ) = (0, 0), (i f , j f ) = (I, J),
(2)
then a complete path aligns the entire sequences r and
t.
The minimum cost path on the 2D grid is the optimal alignment between two sequences. One way to
find the minimum cost path is to test every possible
path from the left-bottom corner to right-top corner.

However, this has exponential computational complexity. Dynamic programming reduces the complexity by taking advantage of Bellman’s principle. Bellman’s optimality principle states that the optimal path
from the starting grid node (i0 , j0 ) to the ending node
(i f , j f ) through an intermediate point (i, j) can be expressed as the concatenation of the optimal path from
(i0 , j0 ) to (i, j), and the optimal path from (i, j) to
(i f , j f ). This implies that if we are given the optimal path from (i0 , j0 ) to (i, j), we only need to search
for the optimal path from (i, j) to (i f , j f ) rather than
searching for paths from (i0 , j0 ) to (i f , j f ).
Let’s use Bellman’s principle in total cost computation. If we denote the minimum total cost at node
(ik , jk ) by Dmin (ik , jk ), then by Bellman’s principle
Dmin (ik , jk ) can be computed by using the costs of the
predecessor nodes, i.e. the set of ik−1 , jk−1 s, as below
Dmin (ik , jk ) = min Dmin (ik−1 , jk−1 ) + d(ik , jk ).
ik−1 , jk−1

(3)
The distance between two sequence elements d(ik , jk )
can also be designed to depend on the transition between the nodes and can be denoted as
d(ik , jk |ik−1 , jk−1 ) to show that it depends on the predecessor node. Since all the elements are ordered in
time, the set of predecessor nodes are to the east and
south of a current node. An example set of predecessors which includes only its immediate neighbors is
given in Figure 1(a). Finally, the minimum cost path
aligning two sequences has cost Dmin (i f , j f ), which
is equal to D(r, t), the total cost or the dissimilarity
between r and t. The test sequence is matched to the
reference sequence that has the minimum dissimilarity.
Although Equation (3) outputs the minimum cost
between two sequences, it does not output the optimal
path. To find the optimal path, which can be used to
map test sequence elements to reference sequence elements, one needs to backtrack the optimal path starting with the final node. If the the whole test sequence
is to be mapped to the whole reference sequence than
(i f , j f ) = (I, J).

2.3

A STRING MATCHING
EXAMPLE

String matching may be required in text retrieval and
automatic editing applications (Pollock and Zamora,
1984; Morita and Shinoda, 1994). A sequence of
characters (a test string) are read by a device or a
program (e.g. optical character recognition (OCR)
software), which is subsequently matched to a set of
stored reference strings. In this simple example, a
noisy image of the string “paper” is recognized as

porate this logic.

d(i, j|i − 1, j − 1) =

0
1

if r(i) = t( j)
if r(i) 6= t( j),

(4)

specifies the distance function for diagonal transitions, which maps a recognized character to a character in the reference string. For horizontal and vertical
transitions

(a) Local constraint on transitions

d(i, j|i − 1, j) = d(i, j|i, j − 1) = 0.5.

r

(5)

Insertion and deletion operations on a time sequence corresponds to stretching (slowing down) or
compressing (speeding up) the sampled time signal
to align with the reference time signal. For example in gesture recognition the same motion pattern of
joints defining a gesture can be performed with varying speeds depending on the person. These variations
are corrected by warping the test sequence in time.
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(b) 2D grid with Dmin modulating the node intensity
Figure 1: String pattern matching example: The test
string “ppxer” is placed in the vertical axis, and the reference string “paper” in the horizontal axis. The minimum
cost path unravels the alignment to the reference string by
performing one insertion and one deletion operation. The
grid nodes are modulated with their corresponding Dmin ’s.

“ppxer” by an OCR software and then matched to a
set of reference string using dynamic time warping1 .
The total cost Dmin (i, j) is computed using (3) and
shown on the 2D grid as given in Figure 1(b). The
intensity of each node (i, j) on the grid is modulated
with Dmin (i, j). A lower cost is represented with a
lower intensity. The optimal path is obtained by backtracking Dmin (I, J), as depicted by arrows pointed towards the left-bottom corner of the grid. The optimal path is constructed by choosing the “darkest”
nodes among the nodes in local constraint neighborhood as given in Figure 1(a). Since the OCR software
is expected to miss fainted characters or misrecognize
some characters, insertion (horizontal transition) and
deletion (vertical transition) of a character is allowed.
Insertion and deletion operations should be penalized
since they also imply a mismatch but to a lesser degree than mismatch of two characters (diagonal transition). The distance function d is given below, and
therefore depends on the predecessor nodes to incor1 Dynamic

programming is the more appropriate name
for this example.

CONSTRAINED LINEAR
DISCRIMINANT ANALYSIS
FOR DTW

As can be seen in the string matching example, DTW
is a nonlinear mapping, which renders linear techniques from machine learning useless in exploiting
the data distribution. However, useful information
can be learned by analyzing how sequences are distributed with respect to sequences of the same class
or of other classes. This information can be utilized to
find projection directions that best separate the data.
To do so, we work on a training set in which all the
sequences are of the same length. This assumption
enables us to compute within-class scatter matrices
and between-class scatter matrices to be used in our
proposed constrained LDA. To equalize the length of
the sequences in the training set, sequence vectors can
be scaled up via interpolation.

3.1

DYNAMIC TIME WARPING ON
ALIGNED SEQUENCES

DTW reduces to computing L1 distance between two
vectors created from the two sequences if the sequences were aligned in time and L1 norm is used as
the distance function between two sequence samples
i.e.,
d(ik , jk ) = |r(ik ) − t( jk )|.
(6)
If the two sequences are aligned in time then ik =
ik−1 + 1, jk = jk−1 + 1, hence ik = jk = k. By using

where Σi is the covariance for class i, and

this and (6) in (3),
Dmin (k, k)

=

Dmin (k − 1, k − 1) + |r(k) − t(k)|, (7)

Σi = E[(x − µi )(x − µi )T ],

k

Dmin (k, k)

=

∑ |r(t) − t(t)|.

(8)

t=1

If both sequences are of length L (i.e., i f = j f = m),
then

where Pi is the a priori probability of class i.
Between-class scatter matrix is the average distance
of each class mean from the global mean vector:

m

D(r, t) =

∑ |r(t) − t(t)|,

M

(9)

Sxb = ∑ Pi (µi − µ0 )(µi − µ0 )T ,

t=1

MEASURING CLASS SEPARABILITY

Let’s formulate LDA as a maximization problem that
finds discriminative projection directions. Our goal
is to generate features that are well clustered around
their class means. First, we will present the criteria to
assess if a given set of features are scattered as such.
To this end, the following scatter matrices are defined.
Within-class scatter matrix is the average of the feature variances of each class out of M total classes as
given below
M

Sxw = ∑ Pi Σi ,
i=1

where the global mean vector µ0 , and is defined as
M

µ0 = ∑ Pi µi .

(14)

i

Using these two scatter matrices, we can now define three criteria that asses if the generated features
are scattered as desired. The first criterion is

LINEAR DISCRIMINANT
ANALYSIS

Linear discriminant analysis is a discriminative feature generation technique. The method goes back to
the work of Fisher on linear discrimination (Fisher,
1936), and is widely used in many machine learning
problems such as face recognition (Liu and Wechsler, 2001). LDA has its roots in principal component analysis (PCA). PCA is one of the most popular
methods in feature generation and dimensionality reduction in machine learning. PCA searches directions
that have the largest variation, and projects on to these
directions hence resulting in a lower dimensional representation of the data. Data projected on to each direction becomes an informative feature about the data
describing it with respect to the overall data distribution. Although PCA is effective in finding directions
with the largest variation in unsupervised learning, it
does not search for directions that discriminate members of a class from another class, which is important in supervised learning. LDA achieves what PCA
fails: By utilizing the label information of training
data it finds discriminative directions that can be used
to classify test data.
3.2.1

(13)

i=1

D(r, t) = ||r − t||1 .
(10)
Similarly, the dissimilarity between two aligned sequences using the square of the L2 norm as the distance function d(i, j) leads to the L2 distance between
r and t.

3.2

(12)

(11)

J1 =

trace{Sxb }
trace{Sxw }

(15)

If the features are well clustered around their class
mean, and classes are separated from each other, J1
will take large values. Trace of a matrix is equal to
the sum of its eigenvalues, while determinant is the
product of its eigenvalues. Since our scatter matrices are symmetric and positive definite, and thus have
positive eigenvalues (Hartley and Zisserman, 2004),
both the trace and the determinant of scatter matrices
will take on large values when their eigenvalues are
large. Hence, a second criterion would be
J2 =

|Sxb |
−1
= |Sxw
Sxb |,
|Sxw |

(16)

and will produce similar values when all the eigenvalues are large.
To simplify the maximization problem, determinant is replaced with the trace2 , which leads to
−1
J3 (x) = trace{Sxw
Sxb }.

3.2.2

(17)

DISCRIMINATIVE FEATURE
GENERATION

Let x be an m-dimensional vector of measurements,
our aim is to extract l discriminative directions from
the scatter of data vectors by maximizing J3 . A feature corresponding to a data vector is obtained by projecting on to l such informative directions. Then, the
l-dimensional feature vector can be computed by
y = AT x,

(18)

2 However, S−1 S is not necessarily symmetric and the
w b
eigenvalues are not guaranteed to be positive as it was in
the justification of using J2 instead of J1 .

where the discriminative vectors constitute the
column-vectors of m × l matrix A. Our goal is to find
l such features, i.e. y, that maximizes J3 . The corresponding scatter matrices of y are obtained by using
(18) in (11), (12), (13), and (14)
T

Syw = A Sxw A,

T

Syb = A Sxb A.

trace{(AT Sxw A)−1 (AT Sxb A)}. (20)

Instead of solving for y directly, first transforming
y to ŷ = BT y, where B is a linear transformation which
diagonalizes the scatter matrices (Syw , Syb ), does not
change the criterion value, i.e., J3 (y) = J3 (ŷ). However, y is found to be
ŷ = CT x,

(21)

where C is an m × l dimensional matrix that consists
−1 S . By definition, betweenof l eigenvectors of Sxw
xb
class scatter matrix is of rank M − 1. Hence, there can
be at most M − 1 eigenvectors with nonzero eigenvalues. We pick the maximum possible number of
discriminative directions, thus l = M − 1.

3.3

LINEAR DISCRIMINANT
ANALYSIS WITH CONSTRAINTS

To find discriminative features that can be used for sequences warped in time, the projection operation for
finding the feature vector must be performed so that
the time information is not required. Let x denote the
data vector which is the vectorized time sequence, the
projection operation to the ith discriminative direction
is given by
y p = (c p )T x,
(22)
where c p corresponds to the pth column of C, and
y p is the pth feature. If the time sequence consists of n samples of size d, then the length of x is
m = n × d. If x and ci is divided into smaller vectors of size d such that x = [(x1 )T , (x2 )T , . . . , (xn )T ]T ,
p
p
p
and c p = [(c1 )T , (c2 )T , . . . , (cn )T ]T , where xt reprep
sents the sample at time index t, and ct represents the
corresponding elements of the projection vector c p .
Using this notation, the projection operation in (22)
can be rewritten as
n

y

p

n

r̂ p

=

p
= (ct )T xt
t=1

∑

Given a reference sequence vector r and a test sequence vector t, projection on to pth discriminative

∑ (ctp )T rt ,

t=1
n

tˆp

=

(19)

By substituting the scatter matrices of y in (17), A can
be found as the maximizer of J3 (y) as below
A = arg max

vector is obtained by

∑ (ctp )T tt ,

t=1

where r̂ p

and tˆp

constitute the pth dimensions of the ldimensional feature vectors r̂ and t̂, respectively. The
difference r̂ p − tˆp between r̂ p and tˆp is
n

n

p

p

r̂ p − tˆp = ∑ (ct )T rt − ∑ (ct )T tt ,
t=1

(23)

t=1

where we kept the summations separately to make it
easier to introduce the warping concept in the following. The above summation can be computed iteratively by
p

p

D p (k, k) = D p (k − 1, k − 1) + (ck )T rk − (ck )T tk ,
(24)
where D p (k, k) represents the two sums on the righthand side of (23) and the first input k denotes that
the first sum goes up to the kth term and similarly the
second input k denotes that the second sum goes up
to the kth term. Note that D p (n, n) = r̂ p − tˆp since all
the n terms in the two summations are included. In a
warping between two sequences, sequence elements
with different indices are mapped to each other as in
(3). Similarly, (24) can be modified as below to obtain
a warping
p

p

D p (ik , jk ) = D p (ik−1 , jk−1 ) + (cik )T rik − (c jk )T t jk .
(25)
Note that if ik = ik−1 +1 and jk = jk−1 +1, no warping
is done and (25) boils down to (24).
Equation (25) can pair up sequence elements from
different time instances so that temporal sequences
can be aligned in time. Since during the DTW computation we can not do any inference on the temporal position of a sample of r or t, discriminative vectors should not discriminate sequences using time inp
formation. Hence, cik ’s should not depend on time,
p
p
therefore cik = c̄ , which reduces (25) to
D p (ik , jk ) = D p (ik−1 , jk−1 ) + (c̄ p )T (rik − t jk ). (26)
The above iterative computations are presented for
the pth feature. However, our feature vectors r̂ and
t̂ have l dimensions. Thus, DTW cost needs to be
computed for l features in parallel as below
D(ik , jk ) = D(ik−1 , jk−1 ) + C̄T (rik − t jk ),
) = [D1 (i

), D2 (i

(27)

l
T
k , jk ), . . . , D (ik , jk )]

where D(ik , jk
k , jk
is the feature vector at grid point (ik , jk ) and C̄ is
an augmented matrix of size d × l such that
C̄ = [c̄1 , c̄2 , . . . , c̄l ].

At this stage we are equipped with an iterative computation method that computes l-dimensional
feature vector differences at any point on the alignment grid, however we still need to determine which
warping path out of all possible paths is a good warping path. A good warping path specifies a good temporal alignment between two sequences. Unfortunately, we can not use Bellman’s principle to do so as
we did to arrive at (3). This is because we are operating on differences between features not the distances
and differences can be negative. To avoid exhaustively searching all warping paths, we make an assumption which drastically reduces the computational
complexity. First, we make the following observation: for sequences that are similar to each other (e.g.,
sequences in the same class), if projection directions
that are optimized for discrimination is used than the
distance between the projections given by |r̂ − t̂| =
|D(n, n)| will be small. This is because discriminative
directions minimize within-class variance while maximizing between-class variance. Using this observation, we further assume that not only |D(n, n)| is small
but also the cost |D(ik , jk )| of a good incompletewarping-path p = {(i0 , j0 ), (i1 , j1 ), . . . (ik , jk )} is also
small. Hence, a good warping path ending in node
(ik , jk ) can be found by searching for a good neighbor
∗ ) as below
node (i∗k−1 , jk−1
∗
(i∗k−1 , jk−1
) = arg

min

(ik−1 , jk−1 )

where P is the constraint matrix and is of size (n −
1)d × m and C is of size m × l, where d is the dimensionality of a sequence sample, which consists of n
samples. Each row of P has only two non-zero elements of which one element is 1, and the other is -1.
This imposes an equality constraint between the corresponding elements of c p .
The constraint PC = 0 implies that each column of
C lies perpendicular to each of the rows of P. Hence,
column vectors of C must lie in the orthogonal complement of the row-space of P. To enforce this, we
make use of the Singular Value Decomposition (SVD)
of P. Let P = UDV T , where D is a diagonal matrix
with r non-zero diagonal entries, i.e. P has rank r.
The orthogonal complement of the row-space of C
consists of the n − r columns of V corresponding to
the zero diagonal entries of D, which we denote by
P⊥ . Hence any C = P⊥C0 , where C0 is a suitable matrix of the same size with C will satisfy PC = 0. Substituting this in (21),

|D∗ (ik−1 , jk−1 ) +
T

+C̄ (rik − t jk )|,

ŷ = CT (P⊥ )T x,
(28)

where D∗ (ik , jk ) denotes the associated l-dimensional
cost vector of node (ik , jk ) using a good path given by
p∗ = {(i∗0 , j0∗ ), (i∗1 , j1∗ ), . . . (ik , jk )}. D∗ (ik , jk ) can then
be found by
∗
D∗ (ik , jk ) = D∗ (i∗k−1 , jk−1
) + C̄T (rik − t jk ).

SOLVING FOR CONSTRAINED
LINEAR DISCRIMINANT
VECTORS
p

p

x0

(31)

(P⊥ )T x,

If we define =
and maximize J3 on
x0 then the constrained LDA problem reduces to the
unconstrained LDA discussed above. Accordingly,
the scatter matrices have to be computed for x0 , i.e.
Sx0 w = (P⊥ )T Sxw P⊥ and Sx0 b = (P⊥ )T Sxb P⊥ .

(29)

Since C̄T (rik − t jk ) can be negative, unlike d(ik , jk )
in the conventional DTW our cost computation iterations have been separated into two given by (28) and
(29) as compared to (3).
Next, we pose a constrained version of the LDA
problem, which requires the l discriminative vectors
to be indifferent to temporal characteristics of data in
the training set.

3.4

To achieve this, we need to impose n − 1 equality conp
p
p
p
p
p
straints given by c1 = c2 , c2 = c3 , up to cn−1 = cn ,
each of which is of size d. Hence, there will be
(n − 1)d constraints on c p , which is the pth columnvector of the transformation matrix C. This can be
formulated as
PC = 0,
(30)

p

Given a discriminative vector c p = [c1 , c2 , . . . , cn ] of
p
length nd, where d is the length of each ct , we want
p
p
p
to impose constraints so that ct = c̄ , and c , becomes
concatenation of n copies of c̄ p : c p = [c̄ p , c̄ p , . . . , c̄ p ].

4

OPTIMIZING
DISCRIMINATIVE FEATURES
FOR A MULTI-CLASS
PROBLEM

As discussed in Section 1, a classifier based on minimizing the DTW cost reduces to an NN classifier
based on a Euclidean distance if the two sequences
were perfectly aligned in time. In this case DTW will
be a redundant operation matching samples with the
same indices. However, the sequences are warped in
time and this is the reason an alignment is required
in the first place. But this suggests the idea that using distances other than an Euclidean distance can
lead to an improvement in the performance, which we
have tackled in the previous section. By maximizing
a criterion for discrimination we have shown that it is

LHCCW

LHCW

LHW

RHCCW

RHCW

RHW

0
0
0
100
0
0
0
0

0
0
12.5
0
75
0
0
0

0
0
0
0
0
87.5
0
0

0
0
0
0
0
0
75
0

0
0
0
0
0
12.5
25
100

RHCW

RHW

BHZI
BHZO
LHCCW
LHCW
LHW
RHCCW
RHCW
RHW

RHCCW

Table 1: Reference dataset, Conventional DTW
LHW

ONE-VERSUS-OTHERS
STRATEGY

0
0
87.5
0
0
0
0
0

LHCW

4.1

0
100
0
0
0
0
0
0

LHCCW

which means that t is assigned to class k∗ . This shows
that we are solving our multi-class classification problem, and the hypothesis for each class k is denoted by
hk(C,rk ) (t) = D(rk , t), in which we have shown the implicit hypothesis parameter C (i.e., projection matrix
that consists of l projection directions as its column
vectors), in addition to the explicit hypothesis parameter rk .

BHZO

(32)

100
0
0
0
25
0
0
0

BHZO

k

BHZI

k∗ = arg min D(rk , t),

BHZI
BHZO
LHCCW
LHCW
LHW
RHCCW
RHCW
RHW

BHZI

possible to find discriminative directions and we presented an iterative computation method which can be
used for dynamically warping the two sequences. After the alignment between t and rk s for each class k
has been performed, the computed costs will be utilized to pick the best matching reference sequence rk
as given below

100
0
0
0
0
0
0
0

0
100
0
0
0
0
0
0

0
0
75
0
0
0
0
0

0
0
12.5
100
0
0
0
0

0
0
12.5
0
100
0
0
0

0
0
0
0
0
100
0
0

0
0
0
0
0
0
87.5
0

0
0
0
0
0
0
12.5
100

where J3k denotes that the J3 criterion is computed for
class k considering that there are only two classes:
class k and the remaining classes. It is important to
note that while learning for Ck of the kth binary classification problem, we need to compute the withinclass and between-class scatter matrices as explained
in Section 3.2. The between-class scatter is given by
(13) and finds the scatter between the global mean
µ0 and each class mean i.e., µ1 and µ2 . Hence, the
between-class scatter matrix for two classes becomes
Sxb = P1 (µ1 − µ0 )(µ1 − µ0 )T + P2 (µ2 − µ0 )(µ2 − µ0 )T ,
(34)
Although the between-class scatter matrix computed
as above for each binary classification problem is correct, potentially a better scatter matrix can be computed to learn the data distribution. We know that
each binary classification is a subproblem obtained by
separating our original multi-class classification problem into k subproblems via one-versus-all strategy.
By exploiting this fact, the between-class scatter matrix for the k subproblems can be computed using the

LHCW

LHW

RHCCW

RHCW

RHW

(33)

LHCCW

such that PC = 0,

BHZO

Ck = max J3k

BHZI
BHZO
LHCCW
LHCW
LHW
RHCCW
RHCW
RHW

BHZI

Table 2: Reference dataset, Discriminant Boosted DTW

There is no reason that the hypothesis parameter C
should be independent of class type, hence the hypothesis parameter C should be learnt for each class
separately. We employ a modified version of oneversus-all strategy to solve our multi-class classification problem. Hence our original problem is separated into M binary classification problems. Training
for each binary classification is performed to learn for
the projection matrix:

100
12.5
12.5
0
37.5
0
0
0

0
87.5
0
0
0
0
25
0

0
0
75
0
0
0
0
0

0
0
0
50
0
0
0
0

0
0
12.5
50
62.5
0
0
0

0
0
0
0
0
37.5
0
0

0
0
0
0
0
0
50
0

0
0
0
0
0
62.5
25
100

Table 3: Real-time data, Conventional DTW

original equation in (13) as if each of our binary classification is a multi-class classification problem. This
method still takes advantage of solving binary classification problems instead of a multi-class problem but
at the same does not forget that the true scatter is not
between one versus all, but one versus the other remaining M − 1 classes. Hence, we call this strategy
one-versus-others and utilize it to compute the features.

5

RESULTS AND DISCUSSION

We tested the performance of our proposed discriminant boosted DTW method on our gesture
database which has eight gesture classes: Both Hands
Zoom In, Both Hands Zoom Out, Left Hand Circle
Counter Clock Wise/Clock Wise, Left Hand Wave,

LHCCW

LHCW

LHW

RHCCW

RHCW

RHW

87.5
0
0
0
0
0
0
0

0
75
0
0
0
0
0
0

0
0
42.5
25
12.5
0
0
0

0
25
45
75
0
0
0
0

0
0
0
0
87.5
0
0
0

0
0
0
0
0
75
25
12.5

0
0
12.5
0
0
12.5
62.5
0

12.5
0
0
0
0
12.5
12.5
87.5

Table 4: Real-time data, Discriminant Boosted DTW
Method
Conventional DTW
Discriminant Boosted DTW

Accuracy
90.6250 %
95.3125 %

Table 5: Reference dataset accuracy
Method
Conventional DTW
Discriminant Boosted DTW

Accuracy
70.3125 %
74.0625 %

Table 6: Real-time data accuracy
Method
Conventional DTW
Discriminant Boosted DTW

Disc. Ratio
1.562019 %
2.748761 %

Table 7: Reference dataset discriminant ratio
Method
Conventional DTW
Discriminant Boosted DTW

Disc. Ratio
1.523670 %
2.223496 %

Table 8: Real-time data discriminant ratio

Right Hand Circle Counter Clock Wise/Clock Wise,
Right Hand Wave. The database has two datasets,
both data sets record the XYZ locations of user
skeleton joints performing the gestures by using Microsoft’s Kinect sensor. Users are positioned at a fixed
distance from the camera. First dataset, the reference-

75

70

Total accuracy (%)

BHZO

BHZI
BHZO
LHCCW
LHCW
LHW
RHCCW
RHCW
RHW

BHZI

Figure 2: Two sample reference gestures from the gesture database visualized by our OpenGL Gesture Viewer: Right Hand
Push Up and Left Hand Wave.
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Number of features

Figure 3: Accuracy increases when more features are used

dataset, is performed properly by trained users, then
a post-processing is applied including the deletion of
gesture samples in which Kinect failed to detect a
(correct) skeleton and deletion of redundant frames
at the beginning and ending in which user does not
perform the gesture. We used a gesture visualizer
which is programmed with OpenGL to manually do
this post-processing of gesture samples. The second
database is the real-time dataset and it does not have
any post-processing. Two sample reference gestures
are shown in Figure 2.
Each gesture sample entry in the database includes 20 joint positions per frame and the time difference between two consecutive frames. We used only
four joint positions in this work, Left/Right Hand,
Left/Right Elbow for gesture recognition. The gesture databases used in the experiments, source code
for visualization of gestures, and for producing the

results in this paper and further results are publicly
available3 .
In the first experiment set, we test our method with
Conventional DTW in terms of the accuracy using the
reference dataset and real-time dataset, the confusion
matrices are given in Table 1 and 2. The overall accuracy of our proposed discriminant boosted DTW
method outperforms the conventional DTW method,
especially improving on difficult gestures such as
moving the hand in a circular motion or waving the
hands. The overall performances are given in Table 5 and 6 and discriminant ratios in 7 and 8. On
real-time experiments the overall accuracies of both
methods drop down significantly due to gestures performed by untrained users especially including errors
at the starting and ending times of a gesture performance. However, our method still has a higher overall
accuracy but interestingly has much larger discriminant ratio, which is defined as the average betweenclass costs divided into within-class costs. The significantly larger discriminant ratio implies that a higher
accuracy rate can potentially be achieved by a cost
computation method that weights down the beginning
and ending of gesture sequences. However to do this,
one needs to design a separate algorithm for detecting
beginning and ending times.
To see the effect of the number of features used,
we tested our algorithm by varying the number of features used. The results which are given in Figure 3
show that all features used are relevant and help to
discriminate gesture samples. There is a small glitch
observed by increasing the number of features from
two to three. We think this is a noise created by the
randomness and due to the under performance of the
method when an insufficient number of features.

6

CONCLUSION

We proposed a framework to use linear feature generation techniques from machine learning to boost
the discriminative power of nonlinear warping costs
obtained by dynamic programming. To do so, we
constrained the features to be independent of the sequence index (time) and solved the constrained LDA
problem. Also, we modified the dynamic program to
enable the use of these discriminative features. Furthermore, we proposed a new strategy for computing
scatter matrices to be used in the one-versus-all strategy, which we named as one-versus-others.
3 http://mll.sehir.edu.tr/visapp2014
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